International Journal of Applied Mathematics in Control Engineering 1 (2018) 47-54

Contents lists available at YXpublications

International Journal of Applied Mathematics in

Control Engineering

Journal homepage: http://www.ijamce.com

The Mechanical Meaning of Bernstein Basis Function

Jiawei Tan®"

@ School of Basic science Sciences, Changchun University of Technology, Changchun ,130012, China

ARTICLE INFO ABSTRACT

Article history:

Received 4 June 2017

Accepted 11 September 2017
Available online 25 December 2017
basis.

Keywords:

Bernstein basis
Bending moment
Mechanical meaning.
Load distribution

Bernstein basis has a specific mechanics meaning in geometric modeling. In this paper, we combine with the load
and bending moment of mechanics to study the mechanical meaning of the Bernstein basis. In mechanics we have
found the model of Bernstein basis, and give its particular mechanical meaning. In the triangular domain of binary
Bernstein basis we used triangulation to study it. Eventually we find the mechanical meaning of the Bernstein
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1. Introduction

Bedform dynamics is of great importance for fluvial and coastal
research. Bernstein base function has an important role in geometric
modeling. With the rapid development of automobile, in the 1960s,
aided design of car styling urgent to find a practical and feasible
modeling tools 1972 French Renault engineers Bézier advance a
shape of the curve Bézier curves when he explore automotive
design. And later, Forrest Research find Bézier curve is a Bernstein
polynomial form of vector-valued (see [1-3]).

With the rapid development of CAGD people have done a lot of
researches about Bernstein basis (see [4-6]). But Geometric
modeling indispensable in the mechanics, when we study the shape
of the object shell, we should be clear what kind of external force
we impose will be the object shape what we want (see [7-9]). This
requires us to fully understand the Bézier curve (surface), Bézier
curve (surface) construction are based on the Bernstein basis. This
paper focuses on the mechanical meaning of the Bernstein basis. We
have not enough research on the mechanical meaning of the
Bernstein basis, but on the mechanical meaning of the spline there
are a number of studies, such as WANG Ren-hong, CHANG Jin-cai
A kind of bivariate spline and pure bending of thin plate. Bernstein
basis has some connection with the spline function, this study
provides some reference(see [10-12]) .

The paper is organized as follows. The second part describes

the generalization of Bernstein basis. Including the definition of a
* Corresponding author.
E-mail addresses: tanjiawei@ccut.edu.cn (J. Tan)

Bernstein basis, the area coordinates of the dual Bernstein basis in
triangular domain. The three parts of the article describes the
mechanical significance of the Bernstein basis, which came with the
introduction of single-span statically indeterminate beam. The
fourth section describes the mechanical meaning of the dual
Bernstein basis functions in triangular domain(see [13-15]).

2 The definition of the Bernstein basis
2.1 The definition of one variable Bernstein basis

2.1 Derivation of Navier-Stokes equations in vertical velocity

formulation. Let f(0) be a function on the interval [0, 1],

Bn(f;t):if(iﬁ)Bi”(t),Ogtsl

It called the n-th Bernstein polynomial. Of which

B"(t) :[?)t‘(l—t)”‘ i=01---,n0<t<1

( nJ
. . i
The combination coefficients are defined as
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(nj: m 0<i<n
! 0

else

{B" (t)}, are linearly independent and constitute a set of n degree

polynomials space basement ) , which known as the Bernstein

B"(t)(i =0,1,--,n)

basis. Each function is called the Bernstein

basis. The following figure shows Bernstein basis when n =3
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Fig2.1 Bernstein basis when n=3

2.2. Bernstein basis on the triangular domain
(1) Area coordinates in the plane

If all the number does not exceed n degrees in the binary

polynomial space
P, =span{X'y’,i+ j<n,i, j=0,1---,n}

The basis functions X'y (i+ j <n) of the P, corresponding to the

triangular structure,

So it can be called a triangular polynomial space, in order
transformed a binary power plot into dual Bernstein basis. The

following text give the concept of barycentric coordinates.

Given two points i s V2in space and determine a straight line.

The relative position of any point may be sole determined by Viand

V2 Take this line for the axis, and set upxi, X, and X as the

coordinates of Vv,, Vv, and v , respectively AT andv Va to
a distance of line segments is
R 1 X
|V1V2|:X2_X1 = 1 x
2
— 1
|v1v |: X —X = %
1 X
|— 1 X
W, |: X, —X =
2 2 1 x,
If
B VV2| X=X
|vlv2| X=X
]l x

) = =
|V1V2| XZ - Xl

(z,,7,) Known as the one-dimensional center of gravity

. 7, +7, =1
coordinates, and "1~ "2 .

So the Bernstein basis is expressed as

1 . . 1
BI ()=t (A-t)" = gk

il(n-1)! A,

Amongthem’ lel—t’fz :t’ﬂqzn—i,ﬂl,ﬂz :0,11

o . 0,1 . o
-,n. (z,7,)is in the 1nterval[ ], the point t is in the

barycentric coordinates of 0 and 1 will be extended to
two-dimensional space available to the center of gravity of the

two-dimensional space coordinates, also known as area coordinates.

As figure 3.4 shown, given any triangle T, the three vertices

VisVarVs i counterclockwise order, taking any point in T, Denoted

their Cartesian coordinates are as follows:

V1:(X17y1) » Vo :(szyz) > V3 :(stya) ,X=(XY)

AV, V,V, ’ AXV,V, ’ AXV,V, AXV,V,

The area of triangles and

were A, ALA LA
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The area coordinates (7,75,75) of point X defined as
A 1
=—21=""(a +bx+cy),
21 A ZA(al b, 1Y)
1
T2=%=ﬂ(az+bzx+czy), 2-2)
1
r3=%=ﬁ(a3+b3x+c3y).

Among them, a,b,c (1=123.) are coefficients and have
relationship with %X X and Y0 Yoo ¥s.

It is easy to verify 7, +7,+7, =1.
(2) Triangulations

Put the trilateral of the triangle T n equal portions, connecting

(n+Y(n+2)/2

each side of the bisector, received points of

intersection, called the domain points or nodes, each domain points

Shiay

denoted as Correspond to the area coordinates

(i i &j
n-nn , in which A Ay Ay is non-negative integer and

htd+d,= N These nodes form set of Larange interpolation

nodes on the triangle, If given some values, we can uniquely

identify a binary n polynomial. The figure 2.5 shows domain

distribution of the triangles when n=3.
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Fig2.3Domain distribution of the triangles when n=3

The introduction of mark is © ~ (7.72.75) v A=A A)

ot =17, 0, . The

|/1|:/11+ﬂ,2 +4, Al=A414L14T,
promotion of one-dimensional center of gravity coordinates of the

(n+Y(n+2)/2

Bernstein basis. We can get area coordinates of

n Bernstein basis.

n! n!
BI()=B; , , (7,7 7) = — 7" = ————zfiry

FTERY VN

7,,7,,7,20, [A=4+4+4 =1, |[A=n.

3 3 3
The following figure shows Bo30(7): Boa(7) and Bl1a(?)

images

Fig2.4 Bernstein basis of Bg,s,o ()
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Fig2.5 Bernstein basis of 803,2,1 ()

Fig2.6 Bernstein basis of 813,1,1 ()

3 The mechanical meaning of one variable Bernstein basis

3.1 Internal force in the length of the surface of Beam

AS shown in Figure 3.1, any length surface is generally
believed that there are three components of internal force, the axial

force N, shear force Q and bending moment M (Figure 3.3).

The basic method of calculation of the beam cross-section
internal forces is a cross-section method, Section method can be

drawn to the calculation rule of Section Analysis:

(1) The cross-section beam axial force N is numerically equal to
algebraic sum, that all the external forces of cross-section on
either side of along the beam axis direction of the tangent to
the projection. The axial force is usually tension is positive, the

pressure is negative.

(2) The beam of a cross-section of the shear Q is numerically
equal to algebraic sum, that all the external forces of
cross-section on either side of along the beam axis normal
direction to the projection. Shear to the isolation of the cross
section make the body clockwise rotation trend is positive,

otherwise it is negative.

(3) The cross-section of the beam bending moment M is
numerically equal to algebraic sum of torque, that all the
external forces during in any of the side of the cross-section

centroid. The moment make the down side of the fiber of beam

tension is positive, else is negative.

Fig3.1 Sign-span statically indeterminate bean

a (x)

4: dixy 77777
X

Fig3.2 Loads of simple support bean

M, =M +dM

> Q=Q+dQ
dx

n <

Fig3.4 Differential sectional diagram

3.2 Differential relation between the load and internal force

Shown in Figure 3.1 is simply supported beam, take the x-axis
coincident with the beam axis and define the right is positive. Take
the load perpendicular to the rod axis and define the down is
positive. Remove isolated body from the beam for segmentation dx,
Internal forces and load set on the differential as Figure 3.4 shown.
Part of the load q (x) (load set degree in dx is can be constant), and
set to go around some of its force Q, Q,and torque M , M,,

under a state of equilibrium. So we can see
Q =Q+dQand M, =M +dM

As shown in Figure 3.4 of the segment, we can come from
. =0
balance equation Z y out

Q-(Q+dQ)-q(x)dx=0

Then
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d—Q:—q(x) 3-1
dx

The right side of the micro-segment as the cross-section centroid

moment center, the torque balance equation is
dx
>M=0, M-(M +dM)+de—q(x)dx?:0

Then spent high order differential

dM
— = 3-2
o Q (3-2)

Combine conditions (3-1) and (3-2)

d’M
dX2 = —q(X) (3_3)

Satisfy conditions (3-1) and (3-2) is differential relations of M,
Q, q (x). The geometric meaning of these formulas are: in a point
the shear tangent equal to the degree of load at the point, but the
sign is opposite; the tangent of the bending moment diagram at a
point equal to the point of the shear, the bending moment diagram
of a point on the second derivative equal to the degrees of load at

the point, but the sign is opposite.
3.3. The relationship between moment and the Bernstein basis

(1) The beam section of the load q (x) = 0, Q image is a horizontal

0
. . . . B . .
straight line, as Bernstein basis ° , the moment image shows is an

1
oblique straight line as the Bernstein basis of Bo or Bl1 .

Figure 3.5-a shown a period of no-load beam AB. For solving
differential equations of the shear equation (3-1) we can get
Q(X) =C (C is a real number). AS the positive and negative in

mechanics represent the direction. The size of the shear is exactly

0
shown of the Bernstein basis Bo , as shown in Figure 3.5-b, when

C=+1

A B

Fig3.5-a No-load beam
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Fig3.5-b The Bernstein basis of B

If we integrate shear through condition (3-2), we can get the

symbol Moment of expression M(X)=+x+b (b is a real

1
number). When is positive and b = 0 the Bernstein basis is B, R

1
when the sign of x is negative and b = 1the Bernstein basis is By , as

shown in Figure 3.5-c
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Fig3.5-c Bernstein basis when n=1

(2)The section of the beam with a uniformly distributed load (q (x)

is constant), Q-images is an oblique straight line, and bending

. . . . B2, B!
moment image is a parabola, as the Bernstein basis of ©' 1 or Bz2 .

Load q(x)

Fig3.6-a Uniform load beam
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Fig3.6-b Bernstein basis when n=2
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When ((Xx) =—2, through the condition (3-1) we can integrate
Q(x)=2x+C (C is a real number). When C = 0, again

Q(x) M(x)=x*+D

integrate and available (D is a real

number), when D = 0, we can get M (X) = x"as the Bernstein

2
basis of B, . Similarly, when ((X) =—2and to control the values

2
of C and D, we can get the Bernstein basis of By ; when q(x)=4

and to control the values of C and D, we can get the Bernstein
2

basis of By .

(3) If the beam section have linear distribution of the load

q(x)=kx+b, the Q-image is a parabola, and bending moment image

B3 B3 B3
is a cubic parabola, as the Bernstein basis of ©' *'~2or B (see

[16]).

Fig3.7-a Linear load beam
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Fig3.7-b Bernstein basis when n=3
When q(X) =—6X , through the condition (3-1) we can integrate

Q(x) =3x*+C (Cis areal number). When C = 0, again integrate

3
Q(x) and available M(x)=x"+D (D is a real number), when

3
D = 0, we can get M(X)=x>as the Bernstein basis of B .

Similarly, when ((X) =6—18x and to control the values of C and

g(x) =18x-12

3
D, we can get the Bernstein basis of B, ; when

and to control the values of C and D, we can get the Bernstein basis

B} g(x) = 6—6x

of ~1 ; when and to control the values of C and

3
D ,we can get the Bernstein basis of By .

4 The mechanical meaning of dimensional Bernstein basis

We use the area coordinates U,V,W(U+V+W=1) study

dimensional Bernstein basis.

u
3u’v 3uw
3uv? BUVW 3uw’
v: v’w 3w’ w’
Label
300
210 201
120 111 102
030 021 012 003

As triangulation of the triangle ABC in Figure 4.1 shown, we
set up the point O during triangle, the area enclosed by the AB edge
and O is u, the area enclosed by the BC side and O is v and the edge
of AC and point O surrounded the area is w. Figure 4.2, set the area

of the triangle ABC is S, so the coordinates

A:(Xw yl)a B=(X2, yz)vc :(x3,y3),0:(x, y)

[N W
x
\ ! ‘\ /

Fig4.1 Triangulation diagram

Fig4.2 Area distribution diagram



J. Tan/ IJAMCE 1 (2018) 47-54

3
QD) Bg,s,o (z)» Be?,o,o (r) and Bo.os(7) are a class of functions,

Bos.s,o (7)

we take as example and trilateral triangle T for n times.

When u take the timing as take points in the AB side of the parallel
3
lines, the basis function degradation of t (t is the relative area of

- 43
the triangle OBC ), by (3-3), we can get q(t) = -6t by M(t) =t

second guide. For w taken from time to time, the basis function is

M(t) =t (t) =—6t by

still degradation of and we can get q

M(t) =t°

second guide. For the v take time, Bernstein basis

M(t) =Vv° t)=0

degenerates to (v constant) and get q for a

given derivation. Integrated above trilateral combination (2-1)

q(t) =12t =—12v

shows the load distribution on the triangle is

by (2-2) we can push

a(x,y) =—§«x3y1—x1y3>+(y3—yl)x+(x1—x3)y)

That is, when we appliedq(x’ y) in the Triangle area the size of

. . B? -
the load, the bending moment picture shows °-3° () in Fig2.4.

(2) B;w(r) ) B;ovl(r) , Bf,z,o(f) ) Bfoyz(z') ) Bgyzyl(z') and

B03,2,1 (z)

Bg 1,(7) are classes of functions, we take as example and

trilateral triangle T for n times deciles. When u takes given constant,
the Bernstein basis degradation of M (t) =3t*(1—u—t) (set of

triangles OBC relative area t), and its second guide was

g(t) =18t+6u—6 . When v take timed, the Bernstein basis
degenerates to M (t) = 3tv? (v is a constant, t is the relative area of
the triangle OBC) and its second derivative are

g(t) =0. For the w take timed, the Bernstein basis degradation to
M (t) =3t°w and its second derivative are Q(t) =—6W .(see
[17-20]) Therefore

q(x,y) =18v+6u—6w—6

By (2-2) we can getq(X,y) =187, +67, —67, -6, When to

impose a load of this size, the bending moment of picture shown as

3
Bo2a(?) iy Fig 2.

(3) For nym(r) we trilateral triangle T as equal portions of n

times. When u take the time Bemnstein basis degradation as

M(t) = 6ut(l-u-t) (u is a fixed value, t is the relative area of

the triangle OBC), its second derivative was q(t) =12u . Because
. Bl.(7) . ;

of rotation symmetry of '/ | if v take timed we get

a(t) =12V’ and w take timed we getq(t) :12W. As condition

U+V+W=1 wWhen the triangle area imposed by the load of 12

units, the bending moment picture shows nym (7) in Fig 2.6.

6 Conclusions

In this paper we study the Bernstein basis, and combined
knowledge of a statically indeterminate beam. Ultimately we are
able to figure out the Bernstein basis of physical background. We
can recognize the Bernstein basis functions from the mechanical
level. In the triangular domain we use the triangulation method
simplified dimension. By some mechanical knowledge we get
bending moment diagram as exactly Bernstein basis in triangular
domain, when we take specific load. Lay to that knowledge, we can
take the foundation for geometric modeling.

References

[1]  Wang Ren-hong. Computational Geometry tutorial. Science Press, (2008.6)
102-157.

[2]  Farin G. Curves and Surfaces for CAGD, A Practical Guide. Fifth Edition.
New York:Academic Press, (2002) 25-79.

[31 Zhou Ping, He Zheng-feng. MATLAB numerical analysis. Mechanical
Industry Press, (2009.1) 87-107.

[4] Liu Chun-jin. Structural Mechanics. China Building Industry Press,
(2003.8) 45-49.

[5] R.T.Farouki and T.N.T.Goodman. On the Optimal Stability of the
Bernstein Basis. Mathematics of Computation, (1996) 1553-1566.

[6] Sonia Petrone. Random Bernstein Polynomials. Scandinavian Journal of
Statistics, (1999) 373-393.

[71  I-Shou, Chang,Li-Che, Chin,Chao, A.Hsiung, Chi-Chuang Wen, Yuh-Jenn
Wu Reviewed work(s). Shape Restricted Regression with Random
Bemnstein Polynomials. Lecture Notes-Monograph Series, Vol. 54, (2007)
187-202.

[8]  Michael S.Floater and J.M.Pena,Monotonicity. Preservation on Triangles.
Mathematics of Computation, Vol. 69, No. 232, (2000) 1505-1519.

[9] S.N.Bernstein. Lecons sur les proprietes extremales et la meilleure
approximation des fonctions analytiques dune variable reelle.
Gauthier-Villars, (1926).

[10] Zhou Yun-shi, Sun Zhi-xun,Xi Yon-jiang. Curves and Surfaces in CAGD.
Jilin University Press, (1993.12) 173-184.



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

J. Tan/ IJAMCE 1 (2018) 47-54

Su Bu-qing,Li Ding-yuan. Computational geometry. Shanghai Science and
Technology Press, (1981) 100-102.

Chun-Gang Zhu, Ren-Hong Wang, Xiquan Shi, Fengshan Liu. Functional
splines with different degrees of smoothness and their applications.
Computer-Aided Design, (2008) 616-624.

G.G. Lorentz. Bernstein Polynomial. AMS Chelsea Publishing, (1986).
George McArtney Phillips. Interpolation and Approximation by
Polynomials. Springer-Verlag New York, (2003) 247-290.

Peter Alfeld, Marian Neamtu, and Larry L.Schumaker. Bernstein-Bezier
Polynomial on Spheres and Spheres-Like surface. Computer Aided
Geometric Design, (1996) 333-349.

Gennady Lyubezink. On Bernstein-Sato Polynomials. Proceedings of the
American Mathmatical Society, Vol. 125, No. 7 (1997) 1941-1944.

David L. Ragozin. Constructive Polynomial Approximation on Spheres
and Projective Spaces. Transations of the American Mathematical Society,
Vol. 162, (1971)  157-170.

Tamas Erdelyi. Bemnstein-Type Inequalities for the Derivatives of
Constrained Polynomials. Proceeding of the American Mathematical
Society, Vol. 112, No. 3, (1991) 829-838.

S. H. Tung. Extension of Bernstein’s Theorem. Proceeding of the
American Mathematical Society, Vol. 83, No. 1, (1981) 103-106.

Sonia Petrone. Random Bernstein Polynomials. Scandina Journal of
Statistics, Vol. 26, No. 3, (1999) 373-393.

Jiawei Tan is currently pursuing her PhD study at
the Institute of Mathematics, Jilin University,
Changchun, China. He received his master degree
from School of Science, Yanshan University,
Hebei Qinhuangdao, China, in 2005. Now he is
working in Changchun University of Technology as a teacher. His
interests include numerical calculation, optimization, mathematical

modelling.



