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1. Introduction

Impulse and switching are regarded as the typical phenomena in
the hybrid systems which have played a crucial role in many
applications. Since systems in the real-world often need to run for a
long period of time, some fundamental problems, such as stability
and controllability, are still absorbing and challenging. Generally,
systems are also subjected to unpredictable situations, such as
structural changes, external environment disturbances, random
failures of components, etc. In terms of application, impulse and
switching provide a natural framework for mathematical modeling
these situations.

Stochastic modelling has come to play an important role in
science and industry, and the systems with Markovian switching
constitute a classical branch of its research field. This kind of hybrid
systems combine a part of the state that takes values continuously
and another part of the state that takes discrete values.
Developments on stochastic stability can be found in Henderson and
Plaschko (2014), Mao (1990), Khasminskii (2012), Pardoux and
Régcanu (2014) among others. Due to its wide usages and
applications, recently, there have been quite a lot of attentions paid
to these systems. For example, Yuan, Mao and Lygeros (2009)
investigated stochastic hybrid delay population dynamics; Sethi et
al. (1994) presented a research on hierarchical control of stochastic
manufacturing systems with linear production costs; Yin et al. (2008)
studied communication power control problems for wireless
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communication networks; Boukas (2008) dealed with the stability
and stabilization of continuous-time singular Markovian switching
systems; Patrinos et al. (2014) considered stochastic optimal control
problems for Markovian switching systems.

On the other hand, impulsive systems constitute a class of hybrid
systems in which the states evolve according to continuous-time
dynamics with instantaneous state jump or reset (also referred as
impulses). Impulsive control theory has been extensively studied in
past decades; see, e.g., Haddad (2014), Ambrosino et al. (2009),
Guans et al. (2002), Lakshmikantham et al. (1989) and the
references cited therein. In general, the study on such systems is
divided into two classes which are impulsive perturbation problem
(IPP) and impulsive control problem (ICP). Roughly speaking, IPP
can be considered as a robustness analysis of the system subject to
external continuous disturbances; meanwhile systems are regarded
as ICP when they are under proper impulsive control to maintain
certain performances, such as periodic solution, attractor, stability
and so on. Because impulsive controller usually has a relatively
simple structure, it has received much attentions recently in various
applications, examples can be found in many fields such as neural
networks (Chen et al., 2017), secure communication (Li et al., 2012),
economics (Dykhta, 2014), biological models (Nundloll et al., 2010)
and so on.

In this paper, we consider a class of hybrid systems that involve
both impulse and Markovian switching. Impulse effects can be used
to describe the sudden changes to system states, and Markovian
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switching can decide the current system operation mode. Based on
the statistic property of Markov process and the method of the
average dwell-time approach, sufficient conditions are derived for
mean square exponential stable and unstable systems, respectively.
The rest of this paper is organized as follows. In section 2, we give
some necessary notations, and then formulate a hybrid stochastic
system and some definitions. In section 3, the main results are given.
In section 4, numerical examples are given to illustrate the results.
And conclusions are given in section 5.

2. Preliminaries

Throughout this paper, unless otherwise specified, we use the
following notations. Let R" and R™™ denote n-dimensional real

space and nxm-dimensional real matrix space, respectively. |X|

denotes the Euclidean norm for a vector X e R" . The superscript
“T” denotes the transpose for vectors or matrices. For function

o(t), the tefi-timit is denoted by @(t”)=1im___g(t+s).
PC([&, b], R' ) denotes the class of piece-wise continuous
functions from [a, b]to R'. E() stands for the expectation.
Let (Q, F, P)denote a complete probability space with a filtration
{f} }tzo satisfying the usual conditions (i.e., it is increasing and

right continuous while fo contains  all

w(t) = (W (t), W, (£)- W, (1))

d-dimensional-adapted Brownian motion defined on the probability

p-null sets).

stands for an

space. Let I’(t), t >0 be a right-continuous Markov chain on
the probability space taking values in a discrete and finite state
space S = {l,2,--~, M } It is well known that almost every

sample path of r(t) is a right-continuous step function. The

generator I'= (71' i )MxM is given by

. 2 |7 At+o0o(At), if j=i
Prir(t+At)= jr(t)=ij=1" (a) A
1+ m At +o(At), if j=i

, (1

Where At >0 is a small time increment, i > 0 is the
transition rate from mode 1 to mode J if jii while

L ) ..

i = _ijl,jﬂ 7 if J=1 , and
lim AtsO* O(At)/ At=0. The mode switching time sequence

{tl,tz,tS,' . } is strictly increasing without accumulation points
and satisfies Iimk ., L, =00, Furthermore, we assume that the

Markov chain r(t) is independent of the Brownian motion

wi(t).

Consider the following hybrid system of stochastic differential
equation with impulses and Markovian switching

dx(t)= f(x(t)t,r(t))dt+g(x(t)t,r(t))dwt), t=f,
x(t)=1(xke ) r0) t=f,
Where t21 =0, X(t) i’s the system state, r(t) is(zi

Markovian switching signal. The impulsive time sequence

{fl!f21f3" . } is strictly increasing without accumulation points
while Iimk S fk =00. Without losing generality, we assume
that the impulsive time sequence {fl’fz ) f3 " } is a subsequence
of the switching time sequence {tl,tz,t3,"'}. f is a FO
-adapted random variable such that E(é )< o0 . The mappings
f:R"XR"xS—>R", g:R"xR"xS—>R™ , and

| :R"xS — R" are all Borel-measurable functions satisfying

Lipschitz condition and linear growth condition ( the precise growth
condition will be given later ). These conditions guarantee that E.q.

(2) has a unique solution. Let X(t; XO) denote the solution of the

equation, for simplicity, we write X(t; XO) = X(t) without
confusion. For the purpose of stability study, we assume that
f(O,t,r(t)):O and g(O,t,r(t))=0 , and
| (O, t, I’(t)) =0 for t>0.Thus E.q. (2) has a trivial solution
X(t;O) =0.

Now some definitions and lemmas are given for deriving the
main results.

Definition 1 (Mao & Yuan 2006). Let X(t; XO) be the solution
of Eq. (2), for any X0 eR" R

(1) E.q. (2) is said to be mean square Lyapunov exponential stable if
. 1 2
limsup=logl|E|x(t)”)<O0:
t—o0 t

(i) E.q. (2) is said to be mean square Lyapunov exponential
N | 2

unstable if liminf =log|E[x(t) )> 0.
too  {

Definition 2 (Hespanha et al. 2008). Given an impulsive time
{fl,fz,f3,---} , N(t,S) denotes the number of

instants fk in the interval (S,t]. For a given O< g <1, if

sequence

there exist Ta such that

7S oNfs)e S

(L+eJr, (-eJr,”

then Ta is called the average impulsive interval (All), and & is

t-s

called elasticity factor.
The following lemmas are necessary to get the main results.
Lemma 1 (Mao, 1999). Assume that the mappings

f:R"xR*xS—>R" and ¢g:R"xR*xS—>R™
are Lipschitz, and f(O,t, r(t)):O and g(O,t, r(t))=0
for all t>t,. Denote the solution of E.q. (4) by X(t;X, ). Then
there must be PF{X(t;X,)#0 ont>t,}=1 forall X, #0

in R". That is, almost any solution of E.q. (4) with non-zero initial

states will not reach the origin.
Lemma 2. Assume that there exist a  function

v(t)e PC([ty,+o0} R). and constants @ and 8 such that
V(t)<av(t), t=f,. t>t,, and v(t)< pvlt ). t=f,.
then we have V(t)< BN00lee Tyt ).

Lemma 3.

Assume  that there exist a  function
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v(t)e PC([t,,+0] R)

, and constants & and ﬂ such that

v(t)= pvlt) t=f,

b E} s

(t —t )V(to ) '

v(t)> av(t) t=f,

V('[)Z ﬁN(t,to)ea

t>1,

then we have

3. Results

In order to investigate the stability of Eq. (2), we impose the
g and | .

Assumption 1: For ieS , and al
(X,t) e R"xR™, there exist constants a;, ﬂi and O; such
that

following conditions to mappings f,

every mode

o) <
EODETS ®
)i =trace(g (x(t).t.i)g(x(t)t,i)).
. Bw=p5, and
Ve =7, when r(t)=ie$ for teft t,,). keN.

Unless otherwise specified, we take the same representations in the
following.
Theorem 1. Assume that E.q. (2) satisfies Assumption 1. For any

initial value X, = f eR" , the solution of E.q. (2) follows
L 204+
. 2
limsuplog(E[x(t) )< X, |,

X f(x,t,0)< ai|x|2

where | g(x (

For simplicity, we denote ) =&

8
(1+0e)T, ‘09, Y

where O; = —sgn(log }/i). In particular, the E.q. (2) is mean

I
square Lyapunov exponential stable if

1
Zl<|<M [20{ +ﬂ +m|0g7ij<0.

Proof. Clearly, the assertion (8) is true when X, =§ =0
because the solution X(t;0)=0 in this case. For any initial
value %o =& #0, we write X(t;%,)=X(t) for simplicity.
Let V(t)=|x(t)". t=t,. For teft,t,). leN .
applying the ITO formula yields that
dV (t)=2x" () f (x(t).t.r(t))dt+g (x(t).t.r (t))dw(t)]
wrace " (x(0) Lr(O)g(x(O LrE)Jot .

=LV (t)dt+ 24 (6)g(x().tr (1)) dw()

)
Where

LV (t)=2x"(t) f (x(t),t,r(t))
+trace[gT(x(t),t,r(t))g(x(t),t,r(t))]
Let At >0 be small enough such that t+At€[f|,f| +1),

making use of lemma 3.2 in Khasminskill (2012) and Fubini’s
theorem, we can obtain that

(10)

EV (x(t+At)-EV(x(t)=[ " EQLV()t.

Noticing that E(LV (t )) is continuous in the interval [tl ’tl +l)

so we get that
EVOQ) —ELvE). o
Combing (7) with (11), it follows that

(EV(x(1))) <(2er,¢)+ B0 NEV (x(1))
For te [tO'tl) , Applying lemma 2, we have
EV (x(1) <)o BV ()
From the above it follows that
EV (L)< e RV G). o
t

Repeating the former process similarly, for t € [tl, 2), we can
obtain that

EV(x(t) < (W BBV (). 0
Substituting (13) into (14) yields that
BV (x(1) < e A

A e ()

). (12)

Since r(t) is a right-continuous step function with a finite
number jumps in any finite subinterval of R* . For any
te [0,+OO), there must exist an integer N e N such that

te [tn ,tn +1)- By mathematical induction, we have

EV(X(t)) }/N(tt ) (205,44, )(t-t)

(15)
N(tea b ) (Z“Ik +ﬂ|k) bt
><(O<|£Inilj/ik e )EV (&)
Therefore, we obtain that
log(EV (x(t)))<(2¢;, + 8, )(t-t,)
+Zo<k<n 1(20! +ﬂ|k )( kel ) (16)

+N(t,t )Iog;/i

2 gnaN (bt )log 7, +10gEV (£)
Moreover, by the ergodic property of the Markov chain and the

definition of N (t, S), we get

(20, + B, )(t-t,)

1
lim= T <D oo Ti (20 + )
ot +ZOSk§nfl(2aik +ﬂik )(tk+1 -t )} o
17
1 N(tt )'09%
lim= < 1o
et +Zo<k<n -1 k+1’ IOQ 7/' J ZOSISM (1+O'5) gylk
(18)

Since E(é ) < 00, we yield that

!im%log(EV(g))z 0. (19)

It follows from (15) to (19) that

where o, =—sgn(logy, ).
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. 2a, + S,
|imSUpE|09(E|X(t)|2)SZ]sigM i +—————Ilogy,
foo (1+0e)T, '

Thus the assertion (8) is obtained. Evidently, the E.q. (2) is mean
square Lyapunov exponential stable if

leiSM i Zai +ﬂi +(

1
1+o, g)'l'a
The proof is completed.

Remark 1. After proving theorem 1, let us provide a deep insight
into the condition (8). when Zai + ﬂi >0 is true for everry
ieS,

mean square, this condition can not be hold for any impulse time

logy, |<O0.

that is every mode is exponential unstable in the sense of

sequence if }; > 1 for everry | € S . All other combinations of

a;, lead to interesting results.
We now explore some cases as examples. Suppose that a hybrid
system satisfies the assumption 1 as in (7). when 20[i +ﬂi >0

-2+ J+oiE)T,

. and O;

is true for every i €S, we can choose 7, <€
forevery 1 € S that makes condition (8) to hold. In this case, the
inequality Zai + ﬂl >0 implies the continuous dynamics of
mode | is exponential unstable in the sense of mean square. Since

Zai + ﬂl >0, the impulses must stabilize the system efficiently.

Thus we must have ¥; < 1 and the stabilizing impulses must not

be overly long with a upper bound
—logy, /[(2e, + B N1+ o.e)T, | , that is
Ta <-= Iog 7i /[(Zai + ,BI )(l-l- (Tié‘)] Conversely, when

20[i+ﬂi <0 is true for every ieS and }/i>1, the

impulses can potentially destroy the stable and should not occur
frequently with lower bound

—logy, /|2, + B Y1+ 0'5)T ] , that is
Ta >— Iog Vi /[(Za'i + ﬂl )(1+ Jié')]. The other combinations

are left to readers.
The following result obtains from the above observations.
Corollary 1. Suppose E.q. (2) satisfies Assumption 1.

(i) When 20, + 3 >0 and 0<y, <lforall i €S,Eq. (2)
is exponential stable in the sense of mean square if

T, <miny; ., —logy, /[(Zai +4 )(1+ O'ig)] ;
(i) When 2¢; + 3, <0 and y, >1 forall i€ S,Eq (2)is
exponential stable in the sense of mean square if

T, >maX, .y — IOgVi/[(Zai +ﬁi)(l+0ig)]'
Assumption 2. For ieS , and all
(X,t) e R" x R", there exist constants ;,, S and O; such
that

every mode

lg(x,ti)" > Bx".
(X (@) i) > 7| (20)

where |g(x(t),t,i)* =trace(g" (x (.t Dg(x(t)t.i))

Theorem 2. Assume that E.q. (2) satisfies Assumption 1. For any
initial value X, =& € R",

X" (xt,i)> el

the solution of E.q. (2) follows

o]
Ilrtrl!)cnfEIog(E|x(t)|2)ZZMSM7ri .

@n
where O; = —Sgn(log ]/I) In partlcular the Eq. (2) is mean

I
square Lyapunov exponential unstable if

1
Lo\ 20 Bt

Proof. The process is similar to the theorem 1. For any initial value

Xo :é,‘e Rn, we write X(t,§)=
Let V(t

chain, for any t € [0,+OO), there must exist an integer N € N

logy, |>0.

X(t) for simplicity again.

2
) = |x(t) , > to . According to the property of Markov

such that T € [tn, n +1) By (20) and lemma 3, we can get from
(11) that

BV (x(1)) 2 el A

(22)
N(ta b ) (Za'k +ﬂ'k) bea—t)
{1, e Jev(e)
Therefore, we obtain that
Iog(EV (x(t))) > (Zain +p, )(t -t,)
+Zosksn—1(2aik + ﬂik )(tk"'l - tk )
+N(t,t,)log ¥, (23)

+Zosksn—l

+logEV (&)
Meanwhile, by the ergodic property of the Markov chain we still
have (17), and by the definition of N (t.s), we get

k+l’ )lOg 7/|

t,t )log 7,
fim 1 ( ) ZZO<'<ML Ogyl
tﬁwt +Zo<k<n 1 ( K+11 )Iog 7. =1 (1+O'E)T K
(24)
where O; = sgn(log Vi )
Combining (17), (19), (23), (24) together, it follows that

206, + .

|irtninf%IOg(E|X(t)|Z)ZZKisM 7 +—1 lo
(I+oe)T, 97

Thus the assertion (21) is obtained. Clearly,the Eq. (2) is mean
square Lyapunov exponential unstable if

1
Lo M\ 20 Bt

logy, |>0.

The proof is completed.

4. Simulation examples

In this section, two examples are given to illustrate the results in
the previous section.
Example 1. Consider a 1-dinmetinal hybrid system with two
subsystems, the parameters are given as following:

f(xtl)=x(2+cos’x) . f(xt2)=xsin2x .
g(x,t)=x , g(xt2)=3x , r(t)eS={2} ,
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~12 1.2
d,=0.1, d,=0.2, r=( j

04 -04
Then the stationary distribution of switching signal I’('[) is
7 =(0.2642,0.7358). we take constants ¢, =3, @, =1,

181 =1, ,32 =3, (of} =1, o, =3, then Assumption 1 is
satisfied. We obtain that

S 7o +054% —0?)=-1.033<0.

-04 04
es=f2) . T =( o —0.7} |
t)=x(2+cos?x) . f(xt,2)=xsin2x |
t g(xt2)=3x ., 1(x1)=0.7x ,
1) =1.2X . Then the stationary distribution of Markov chain
r(t) is (72'1, 72'2)= (0.6363,0.3637) . we take constants

a,=3, a,=1, p=1, B,=3, y,=0.7, y,=1.2,
then Assumption 1 is satisfied. We let & = 0.05 in the definition

—~~
x

of N(t,S). If we take TaS0.0322, then we have
1

| 2.+ . +———logy, |[<O0 . B

le.gzl it 5 (1+O-ig)Ta 97 y

theorem 1, we obtain that E.q.(2) is mean square Lyapunov
exponential stable.

Example 2. Consider the hybrid system with two subsystems as
following

dx(t) = A x(t)dt+ C,x(t)dwlt),
x(t)= Br(t)x(t‘),

The data is as below:

k
S_fol A = -15 5 " 12 415
=2y A= 08 -11) "% (11 -o08)
~0.17 -05 031 0
B, = , B, = ,
03 051 05 -05
0 025 0.1 0.2
C, = ., C,= ,
06 -08 —04 03
—04 04
= .
0.7 -07

Then the stationary distribution of Markov chain r(t) is

# £,

>

t
¢ .

(72'1, 72'2)2(0.6363,0.3637) . we take constants
a,=08095 . ,=13350 ., B =1.0409 .
B,=02520 . y,=06226 . y,=05530 , then

Assumption 1 is satisfied. We let & = 0.05 in the definition of
N(t,S) . If we take T,<0.1965 , then we have

1
S oalwmipr
1<i<2 ! ! !
(1+O-i8)T a
theorem 1, we obtain that E.q.(2) is mean square Lyapunov

exponential stable.
Numerical simulation is executed. Fig. 1 shows the switching signal

logy, |[<O . By

with two modes, and Fig. 2 shows the system state trajectory.

3 ; . ; . ;

mode

Fig. 1 switching signal with two modes

1 ; r . r .
x1
05+ X2 | A
X O K
-0.5 1
-1 . L L L L
0 2 4 6 8 10 12

Fig. 2 the system state trajectory
5. Conclusion

In this paper, the stability property of hybrid stochastic systems is
investigated with impulse and Marlovian switching effects. We
derived the sufficient conditions for exponential stable and unstable
in the sense of mean square. And then a few numerical simulations
are given to illustrate the results.
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