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1 | INTRODUCTION

The control of nonlinear systems remains one of the most active research areas in engineering, driven by the increasing
complexity of modern applications such as high-performance robotics, hypersonic flight vehicles, and precision manufacturing.
These systems are invariably subject to structural uncertainties, unmodeled dynamics, and environmental disturbances. Classical
linear control methods often fail to maintain performance when the system operating point shifts significantly or when nonlinearities
become dominant.

Adaptive control was developed to handle systems with constant or slowly varying parametric uncertainties[? ]. However,
traditional Model Reference Adaptive Control (MRAC) relies on the "Linear-in-Parameters" (LIP) assumption, which requires
prior knowledge of the structure of the system’s regression matrix. In many physical scenarios, the exact mathematical structure
of the nonlinearity is unknown, rendering standard adaptive methods insufficient.

To overcome structural ignorance, Neural Adaptive Control (NAC) utilizes the universal approximation property of Neural

Networks (NNs). It has been established that RBF networks can approximate any continuous function over a compact set to
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arbitrary accuracy[? ]. By integrating NN into the feedback loop, the controller can "learn" the unknown dynamics online.

However, a critical issue in NAC is the robustness of the learning law. In ideal theoretical scenarios, adaptive laws are
integrated purely based on tracking errors. In practice, and as evidenced by simulation studies, the presence of approximation
errors can act as a non-vanishing disturbance. Without proper damping, this can lead to "parameter drift" or "bursting," where the

adaptive weights grow unbounded even if the tracking error is small[? ].

This paper presents a robust neural adaptive control strategy designed to mitigate these issues. We employ a backstepping
framework to handle the recursive structure of the system dynamics. Crucially, we incorporate the o-modification technique[? ]
into the adaptive update law. As shown in our simulation results, this modification prevents the weights from drifting at the cost of
a non-zero, but bounded, steady-state tracking error. This trade-off is often necessary in practical engineering to guarantee system

safety.

2 | PROBLEM FORMULATION AND PRELIMINARIES

2.1 | System Dynamics

We consider a class of single-input single-output (SISO) nonlinear systems in strict-feedback form. To be consistent with the

simulation study, we focus on a second-order system, which represents a wide range of mechanical systems:

X1 =x2
iy = f(x)+ult) 9]
y=x

where:

o x=[x1,x]" € R? is the state vector.
o u(t
<

*  f(x) is an unknown smooth nonlinear function. In our simulation, this corresponds to f(x) = 10sin(x; ) +x2 +x7 cos(x2)

) € R is the control input.
)

€ R is the system output.

Control Objective: Design a control law u(¢) such that the output y(¢) tracks a known desired trajectory y;(z), while ensuring

that all closed-loop signals remain bounded.

Assumption 1 The reference signal y,(t) and its derivatives Y4, ¥, are continuous and bounded.

2.2 | RBF Neural Network Approximation

To compensate for the unknown nonlinear function f(x), we employ a Radial Basis Function (RBF) Neural Network. For any

continuous function f(x) defined on a compact set Qy,there exists an ideal weight vector W*such that:

Fx)=wTo(x)+e(x) @
where:
e xis the input vector to the network.

e [ >1is the number of neurons.

o W =[w,...,w]T € R’ is the ideal weight vector defined as the value that minimizes the approximation error €.
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o 0(x)=[91(x),...,¢(x)]7T is the bounded basis function vector, typically chosen as Gaussian:

w2
0x) = exp (‘in?” )

e g(x) is the approximation error, satisfying |€(x)| < ey for a small constant gy .

Assumption 2 The ideal weights are bounded, i.e.,

|[W*|| < Winax, though Wyax is unknown. Since W* is unknown, we use an

estimate W (t). The estimation error is defined as W = W* —W.

3 | CONTROLLER DESIGN

We utilize the backstepping technique to design the controller and the adaptive law recursively.

3.1 | Virtual Control Design
Define the first tracking error z; as:
71 =X1 = Y4 3)
The time derivative of z; is:
U =X1—Ya=X2—Yd C))
We treat x, as a virtual control input. To stabilize z;, we design a desired virtual control function ¢ :
o = —c121+Yq (5)

where ¢ > 0 is a design constant.

Define the second error variable z; representing the difference between the actual state x, and its desired value o :
=00 =xn=20+0 (6)
Substituting (6) and (5) into (4):
1= (2—az+yq) —Ya = —121+22 @)

Consider the first Lyapunov function candidate:

15
Vi== 8
1 221 (®)
Its derivative is:
Vi=zz1 = —azi +az ©

The term z;z, represents the coupling between the two steps and will be canceled in the next step.

3.2 | Adaptive Control Law Derivation
Differentiating z;:

Zp =X — Q) =f(X)+u7a1 (10)
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Note that ¢ is computable:

goodo.  da o da N
i 8x1x1+8 ya+ Frs c1(x2 —Ya) +¥a

The dynamics (8) contain the unknown function f(x). We replace it with the NN approximation f(x) = W*T ¢(x) + €.

Therefore, we obtain z, = W*T ¢ (x) 4+ &£ +u — ¢.

Control Law (u):
We design the control input u to achieve three objectives: Stabilize the linear part, cancel the coupling term, and compensate

for the estimated nonlinearity.

u=—cyzp—z1+ 6t —WT(x) (11)

where ¢, > 0 is a gain constant.

Substituting (9) into the dynamics of z;:
b=WTo+et(—crmn—z+0 —W'o)—a
——on-u+W-W)¢g+e (12)

= —20— 2 +WT¢+8 (10)

Lyapunov Function for the Complete System:

Consider the composite Lyapunov function:

1, 1o
Vo=Vi+= —W'W 13
2 1+2Z2+2F (13)

where I' > 0 is the adaptation gain. Taking the time derivative:

=

. . . 1.1
V2:V1+Zzzz—fW

Substitute V; and 25:

. - 1 .72
Vo = (—clz% +z1z2)t (- —1 +WT¢ +¢e)— —wTw
r (14)

- |
= —clz% - czz% +ze4+WT <Z2¢ - l:W)

3.3 | Robust Adaptive Law

If we choose the standard adaptive law W = I'z,¢, the term in the parenthesis vanishes. However, the term z, € remains. If
€ # 0, the standard law does not guarantee the boundedness of W. To match the stable results observed in our simulation, we

employ the o-modification:
W =T (9(x)z2 — W) (15)

where ¢ > 0 is a small leakage parameter.

Substituting (13) into (12):
Vo= —c1z2i — 23 +2e + W (220 — (220 — oW)) (16)

This modified derivative equation is crucial. The term W7 W introduces the necessary damping to ensure that V5 becomes
negative when the estimation error or weights become large, preventing the "bursting" phenomenon. The rigorous analysis of this

stability property will be detailed in the subsequent section.
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4 | STABILITY ANALYSIS

In this section, we provide the rigorous mathematical proof that the proposed control scheme guarantees the Uniform Ultimate

Boundedness (UUB) of all closed-loop signals. We proceed from Equation (14) derived in the previous section.

4.1 | Derivation of the Differential Inequality
Recall the time derivative of the Lyapunov function obtained in (14):
Vo= —c120 — 25+ e+ oWIW 17
To analyze the sign of V5, we must handle the indefinite terms zo€ and W7 W using standard algebraic inequalities.

Handling the Approximation Error

Using Young’s Inequality (ab < %az + %bz), the term z € can be bounded as:

1 2 1 2
128 S 512+§8N (18)

where gy is the upper bound of the approximation error |€(x)|.
Handling the Robust Damping Term
Recall that W = W* — W, we expand the term W7 W
Wiw =wlw*—w)=wTw* — |w|?
Applying Young’s Inequality to W7 W*:
T yi* [ 2 1 ®(12
WIW™ < S|+ S [W7|
2 2
Substituting this back yields:
S I 1 - 1, - 1
T 2 2 2 2 ®(12
WIW < |IW(m 4+ S[WH" = [IWII° = =S W=+ S 1w (19)
2 2 2 2
Final Lyapunov Derivative Bound

Substituting (16) and (17) into (15):
Vy < —c12 — a3+ lz% + 181%, +o —1|\W~ 12+ 1HW*H2
- 2 2 2 2

Grouping the quadratic terms:

. 1 o, = 1 o
W<—cad—(c—2)B——|W|*+( ze3 + = [w*|? 20
> < =iz (cz 2)12 S IWIE+{ Sev+ = W7 (20)

To ensure stability, the design parameter ¢, must be chosen such that c; > 0.5. Let ¥ be the constant disturbance term:
L)

(o3
W= _gd+—||w|?
e+ 5 Wl

4.2 | Proof of Uniform Ultimate Boundedness (UUB)

We rewrite (18) to relate it to the Lyapunov function V5 = 23 + %z% + %WTW.

1
K:min{2c1,2 <c27 5) ,GF}

Define a positive constant k:
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Then, (18) becomes:

. 1, 1, 1,5
W< —x|-24+-+—=|W ¥
< x5+ 53+ 5pIWIR) +
V() < —kVh(t) +¥ (1)
Solving this linear differential inequality yields:
—Kt E _ ,—kt
Vo (1) < V5(0)e ™ + K(l e ™) (22)

Theorem 1 For the closed-loop system (1) with control law (9) and adaptive law (13), all signals (z1,22,W) are Uniformly
Ultimately Bounded.

Proof:

From (20), as t — oo, V,(¢) converges to the compact set:
v
Qv={V2|V2§;}

Since V5 is positive definite in z1,z> and W, the boundedness of V, implies the boundedness of the tracking errors and the

weight estimation error. Specifically, the tracking error satisfies:

2%
1 < _
thm |Zl(l‘)‘

This confirms that the error does not converge to zero but to a small neighborhood around the origin, the size of which
depends on the approximation quality (€y), the ideal weight magnitude (||W*||), and the controller gains (k). This result aligns

perfectly with the robust characteristics required for practical implementation.

5 | SIMULATION RESULTS AND DISCUSSION

To validate the theoretical findings, numerical simulations were conducted using MATLAB. The plant is a second-order

nonlinear system with dynamics given by:

X1 =xp, J=10sin(x;)+x; —I—x%cos(xz)—ku

The reference trajectory is y;(¢) = sin(t). The controller parameters were selected as ¢; = 5, ¢; = 10, I' = 20, and o = 0.1.

The RBF network utilized 5 Gaussian nodes evenly distributed in the state space.

5.1 | Tracking Performance Analysis

The simulation results verify the theoretical UUB stability. The output y(z) tracks the reference y,(¢) rapidly (see Fig. 1 in
simulation output). However, as predicted by (20), a non-zero steady-state error persists. This error is not due to a failure of the

controller, but rather a consequence of the o-modification.

The leakage term —oTW in the adaptive law acts as a "soft spring" that pulls the weights toward zero. This prevents the
neural network from perfectly learning the large amplitude nonlinearity f(x) (as seen in the function approximation plot, where
the NN estimate amplitude is lower than the true function). While this sacrifices some tracking precision, it provides critical

robustness.
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FIGURE 1 Trajectory tracking performance of the proposed robust neural adaptive controller

5.2 | Weight Boundedness and Bursting Prevention

A key observation from the simulation is the behavior of the weight norm ||W||. In standard adaptive control without o-
modification, measurement noise or residual errors can cause ||W || to drift to infinity. In our results, ||W || exhibits periodic bounded
behavior. This confirms that the damping term W7 W in the Lyapunov derivative effectively counteracts the destabilizing effects

of approximation errors, validating the safety of the proposed algorithm.

6 | CONCLUSION AND FUTURE WORKS

This paper presented a robust neural adaptive control framework for a class of nonlinear uncertain systems. By integrating
backstepping design with RBF neural networks, we relaxed the requirement for linear-in-parameter dynamics. The major
contribution lies in the rigorous application of the ¢-modification technique, which resolves the parameter drift problem inherent

in standard adaptive schemes.

The theoretical analysis proved that the closed-loop system is Uniformly Ultimately Bounded. Simulation results corroborated
this, showing that the controller maintains stability and prevents weight divergence even when the neural network structure is

insufficient to perfectly reconstruct the plant dynamics.

Recent trends suggest several avenues for improvement. First, Finite-Time Control techniques[? ] can be integrated to
ensure the tracking error converges to the residual set within a pre-specified time, rather than asymptotically. Second, Deep
Reinforcement Learning (DRL)[? ] could replace the shallow RBF network to handle higher-dimensional state spaces, although
proving stability for deep networks remains a challenging open problem. Finally, Event-Triggered Control (ETC)[? ] mechanisms

should be explored to reduce the computational and communication load for networked implementation.
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